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Q . Abstract 

I In this paper we are devoted to the study of the motion of the timelike minimal sur- 

■ faces in the Minkowski space R^+". Those surfaces are known as membranes or rela- 
tivistic strings, and described by a system with n nonlinear wave equations of Born-Infeld 
type. We construct a global timelike Sobolev regularity torus in R^+", which time slice are 

CNJ ■ evolved by a rigid motion. A Lyapunov-Schmidt decomposition reduces this problem to 

an infinite dimensional bifurcation equation and a range equation. To overcome the higher 
^ I order derivative perturbation in bifurcation equation and the "small divisor" phenomenon 

■ in range equation, a suitable Nash-Moser iteration is constructed. 

p: 
o 

^ 1 Introduction and Main Results 

Our aim in this paper is to study the motion of the action for the world-volume x = 
^) of the surface S moving in Ai be given by the (1 + n) -dimensional vol- 
ume swept out in space-time 

T[x] = [ VCds^ds, (1.1) 



where the surface S is ?i-dimensional manifold with coordinates s = (s^, ■ ■ ■ , s"), {Ai,g) is 
m-dimensional Lorentz manifold and G is given by 



G = I det(GQ,^)|, and the induced world volume metric Gaj3 = x^x^^^f^yl 



X) 



where the index a, (3, ■ ■ ■ = 0, ■ ■ ■ ,n and /i, = 0, • • • , m — 1. Here and in the sequel, we use 
the Einstein summation convention. 

The Euler-Lagrange equations for the action is 

]={^/GG-^x%),p + G^^x'^^xy^^^ix) = 0, (1.2) 
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where F^^ denote the Christoffel symbols of the metric g, which vanish if A4 is the flat Minkowski 
space. 

Membrane equations (or relativistic strings) arise in the context of membrane, superme- 
mbrane theories and higher-dimensional extensions of string theory, where they are called p- 
branes according to the dimension of the spacelike object. Geometrically, membranes are time- 
like submanifolds with vanishing mean curvature. They are one case of an important class of 
geometric wave equations which is the Lorentzian analogue of the minimal submanifold equa- 
tions. Since such equations possess plenty of geometric phenomenon and complicated structure, 
(for example, they develop singularities in finite time, and degenerate and not strictly hyperbolic 
properties.) much work is attracted in recent years. The case of non-compact timelike maximal 
graphs in Minkowski spacetimes R^^" is fairly well understood. Global well-posedness for 
sufficiently small initial data was established by Brendle fS] and by Lindblad [[121 . The case of 
general codimension and local well-posedness in the light cone gauge were studied by Allen, 
Andersson and Isenberg |[T1 and Allen, Andersson and Restuccia [|2l, respectively. Kong and his 
collaborators IfTOlfTTll obtained a representation formula of solution and presented many numer- 
ical evidence where singularity formation is prominent. Bellettini, Hoppe, Novaga and Orlandi 
|l3l showed that if the initial curve is a centrally symmetric convex curve and the initial velocity 
is zero, the string shrinks to a point in finite time. They noticed that it should be noted that the 
string does not become extinct there, but rather comes out of the singularity point, evolves back 
to its original shape and then periodically afterwards. Most recently, Nguyen and Tian |fT3ll 
showed that timelike maximal cylinders in R^"*"^ always develop singularities in finite time and 
that, infinitesimally at a generic singularity, their time slices are evolved by a rigid motion or a 
self-similar motion. They also proved a mild generalization in non-flat backgrounds. 

In this paper, we show that the time slice of timelike Sobolev regularity torus in Minkowski 
space R^^" always keep a rigid motion in infinite time. Let R^^" denote the n + 1 dimensional 
Minkowski spacetime endowed with the flat metric, and {t,x^, - ■ ■ , x") its standard Cartesian 
coordinates. Our main result is: 

Theorem 1.1. For any immersed closed curve Sq C R^^^ = {t = 0} and future directed 
timelike and nowwhere vanishing vector field E along Sq, there exists a globally Sobolev reg- 
ularity immersed surface S C Z?^"*"" (the motion of the action for the surface S satisfies ALU ) 
which is a torus T and contains Sq and tangential to S such that its induced metric is Lorentzian 
and its mean curvature vector vanishes. 

Equivalently, the above result shows that for any arbitrary initial data, a closed string forms 
a torus, which time slice must keep a rigid motion in infinite time, i.e. they are either translated 
or rotated. When n = 2, Nguyen and Tian [[T3l has obtained that one evolves a closed curve in 
R^^^ in a timelike direction such that its mean curvature is zero, it will form singularity in finite 
time. There exists the "maximal surface" after singularity forms. The singularity may be the 
reason why we can only obtain the Sobolev regularity torus in R^^^, but not smooth torus. From 
the point view of the equation, the "small divisor" problem is the critical point of the existence 
of non smooth surface. 

Due to the surface being timelike, i.e. A := {xt, xg)'^ — (|xtp — l)|a;6(p > 0, direct compu- 
tation shows the following Euler-Lagrange equation 




xel'^xt - {xt,xg)xe 




{xt,xe)xt - - l)xe 




(1.3) 
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which coincide with (11.21) . 

By computation and (11.31) . it has the following n nonlinear wave equations of Born-Infeld 
type 

\xe\'^xtt - 2{xt,xe)xte + - l)xeg = 0, (1.4) 

where x = (xi, ■ ■ ■ , x„), Xk = Xk{t, 6) is a suitable coordinate system in parameter form for 
k = 1, - ■ ■ ,n and (t, 0) G R^. We reduce our problem to find time-space pair (t, 6) as a point 
of such that equation (11.41) possess a solution as 

Xkit.e) =t + e + Uk{t + e,ut), k = l,---,n, (1.5) 

where is a two dimensional torus, T = R/27rZ, cu denotes the frequency and satisfies non- 
resonant condition 

\nu'l'-f\>^, (/,j)eZV{(0,0)}, (1.6) 

with < 7 < 1 and r > 0. Assumption (11.61) means that the forcing frequency to does not enter 
in resonance with the normal mode frequencies Uj := \j\ of oscillations of the membrane. By 
standard arguments, (11.61) is satisfied for all to E [wi, (^2] but a subset of measure 0(7), for fixed 
< Wi < UJ2. 

Inserting (|1.5I) into (II. 4|) . thus the motion for the displacement is governed by a nonlinear 
wave system 

n n 

nu^utt - Uyy + a;^(2^Mfcy + \uy\^)utt - 2w^(^Ufci + {ut,Uy))uty + uj^\ut\'^Uyy = 0,(1.7) 

k=l k=l 

where u = ■ ■ ■ , Un), {t, y) G and k = 1, ■ ■ ■ ,n. 

Let us denote by := Hg X ■ — x ffg the real Sobolev space with the norm \\U\\s = 

n 

ELi ll^fclU Vf/ = (ui, ■■■ ,Un) e H„ where 
i/, := H,{T^-K) 

:= {n(t,a;)= ^ n,,e^('*+^-^), = ||n||^= e^d^W^'D^.^f < +00}, 

and s > 1. Hs and iJ^ are Banach algebra with respect to the multiplication of functions, 
namely 

Ui,U2 G Hs =^ U1U2 G and \\uiU2\\s < ||'^^i|MI'^^2||s- 

In fact, we reduce our problem into finding time-quasi-periodic solution like (11.51 ) of n 
nonlinear wave equations of Born-Infeld type (11.41) . This time-quasi-periodic solution forms 
a torus T. The problem of finding periodic solutions for nonlinear PDEs has attracted much 
attention which dates back to the work of Rabinowitz [[T4ll . He studied the existence of time- 
periodic solutions with a rational frequency for a one-dimensional nonlinear wave equation by 
variational approach. But for other frequencies of time-periodic solution, variational approach 
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seems weaker, due to the small divisor appears. To overcome this difficulty, one of powerful 
method of solving nonlinear wave equations is the analytic Newton iteration scheme combining 
the Lyapunov- Schmidt decomposition, which is first introduced by Craig and Wayne [[9]|. The 
main difficulty of this strategy lies in the Greens function analysis and the control of the inverse 
of infinite matrices with small eigenvalues. Bourgain |l6ll3 extended the Craig-Wayne method 
to obtain the existence of quasi-periodic solutions of nonlinear wave equations and Schrodinger 
equations. Berti and BoUe flU generalized previous results of Bourgain to more general non- 
linearities of class of C'' and assuming weaker non-resonance conditions. We notice that above 
results deal with nonlinear PDE with Hamiltonian structure, but nonlinear wave system (11.71) has 
not Hamiltonian structure. Thus a new Nash-Moser iteration scheme is need to be constructed. 

To prove theorem 1.1, we first need to carry out the Lyapunov-Schmidt reduction. Instead 
of looking for solutions of (11.71) in a shrinking neighborhood of zero, it is a convenient device 
to perform the rescaling 



u — > eu, e > 0, 



having 

n n 

nu'^Utt - Uyy + eu'^{2^Uky + e\uy\'^)uu - 2euj^(^Ukt + e{ut,Uy))uty + e^uj'^\ut\^Uyy = 0(1.8) 

fc=l k=l 

Due to any solution Uj = J2j>i ^ij + ^j) sin(jy) of the linearized equation at Ui = 0, 

i = !,■■■ ,n, 

nu'^utt - Uyy = 

is 27r periodic in time, equation (11.81) is called a completely resonant wave equation. In order to 
solve (11.81) . we perform the Lyapunov-Schmidt reduction via the orthogonal decomposition 

H, = (vnH,)©(wnH,), 

where V is the space of the solutions of the linear equation nuu — Uyy = and even in time 

It 



■ ■ X V, V:={v = ^2cos{—=)sm{ly)vi\vieR, ^\l\'^\vi\'^ < +oo}, 

v^^^"^ \/ Til 

n '>1 



\ ■=Vx-- 

n 

W is the Sobolev functions with zero mean value 



W:= X ■■■X ly, W:={w= V e^^^+^'^V; ,| < w >:= / w{t,y)^^ = 0}. 

Writing u = v + w with f e V and w G W, equation (|1.8|) leads to deal with the following 
bifurcation equation 

(tILo'^ — A TT / 2 / \ — ^/ \ I i2\/ \ 

^ At; + elly{uj {2 2_^{vky + Wky) + e\Vy + Wy\ ){vtt + Wu) 

k=l 
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n 

-2Uj'^(^{Vkt + Wkt) +e{Vt+Wt, Vy + Wy)){Vty + Wty) + eUj'^\Vt + + Wyy)) = (1.9) 

fe=l 

and the range equation 

n 

J^w + enw(w^(2^(i;fc|/ + Wfcy) + e\vy + Wj/p)(t;H + Wtt) 

k=l 

n 

-2uj'^(^{vkt + Wfct) + e{vt + Wf, + Wy)){vty + y ) + ew^j^;* + Wt\^{vyy + w^^)) = 0, (1.10) 
fc=i 

where At; = vu + w^x, JujW = nuPwu — Wyy, IIv : — V and IIw : — W denote the 
projectors, respectively, on V and W. 

To prove the existence of solution for (11.91) . we need to set the frequency-amplitude relation 

na;2 — 1 n 

then by (11.91 ), we have 

n 

-Av + Ily{(^{Vky + Wky) + -\Vy + Wy\'^){vu + Wu) 
k=l 

n 

-(^i^kt + Wkt) + e{Vt + Wt,Vy + Wy)){Vty + Wty) + -\Vt + Wt\^{Vyy + Wyy)) = 0, (LH) 
fc=l 

Next we carry out the rescaling 

V — )■ ev, e > 0, 

we obtain 

n ^2 
-Av + eIly{(^{Vky + Wky) + -^\vy+ Wy\'^){Vtt + Wtt) 
k=l 

n ^2 

-C^i^kt + Wkt) + e'^iVt + Wt, Vy + Wy)){Vty + Wty) + —\Vt + Wt\^{Vyy + Wyy)) = 0.(1.12) 

k=l 

Since the bifurcation equation (11.91 ) is elliptic equation with a higher derivative perturbation, 
we can not solve it by the contraction mapping theorem and classical implicit function theorem 
(or the variational method) via truncating this infinite dimensional system. To overcome the 
higher order derivative perturbation in bifurcation equation and the "small divisor" phenomenon 
in range equation, we need to construct a suitable Nash-Moser iteration scheme. 

The structure of the paper is as follows: In next section, we give a crucial analysis of the 
linearized operators, which plays a crucial role in the Nash-Moser iteration. The last section is 
devoted to construct a new Nash-Moser iteration scheme to solve the range equation (11.101) and 
the bifurcation equation (11.121) . 
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2 Analysis of the Linearized operator 

This section will carry out analysis of linearized operator. We consider the orthogonal split- 
ting 

where 

W(^-) = {«; = K,---,w;„)GH>fc= J] Wk,i,je"^''+'y\ k = l,---,n} 

and 

W(^'')^ = {w = K,---,w;„)eH>fc= Yl ^M^^^^''^ k = l,---,n}, 

WJ)\>Np 

where p denotes the "p"th iterative step. For a given suitable Nq > 1, we take Np < Np^i and 

Np = Nl\fpeN. 

Define the projectors v&^^f) : — > ys^i^p) _ For iV > 0, it satisfies the "smoothing" 
properties: 

\\¥^'^w\\s+d< N'^lHls, VwgH,, Vs, d>0, 

||(/ - ^(^Vll. < N-''\\w\\s+d, yw e H,+d, Vs, ci > 0. (2.1) 
Consider the truncation equation of (11.101) 

J{w) := J^w + 2a;^e^(^f Wt, Vy, Wy, Vu, Wu, Vyy, Wyy) = 0, (2.2) 
where JuiW = nu'^wtt — Wyy and 

n 

f{Vt,Wt,Vy,Wy,Vtt,Wtt,Vyy,Wyy) = U'w{(Y{Vky + W ky) + -\Vy + Wy\^){Vu + Wu) 

k=l 

n 

-(^{'"kt + Wkt) + ^{Vt + Wt.Vy + Wy)){Vty + Wty) + -\Vt + Wt\^{Vyy + Wyy)). (2.3) 

k=l 

By direct computation, the linearized operator of (12.21) has the following form 

J^^P) ■= + 2UJ^eD^f{Vt, Wt, Vy, Wy, Vu, Wu, Vyy, Wyy))\y^(,Nj,), (2.4) 

where 

D^fiVt, Wt, Vy, Wy, Vu, Wu, Vyy, Wyy)h 

n n 

= C^iVky + Wky) + -\Vy + Wyf)hu - C^iVky + Wky) + e{Vt + Wt, Vy + Wy))hty 

k=l k=l 

n 

+-^\vt + wtl^hyy + ^ hky{vu + wtt) + 2e{vy + Wy, hy){vu + wtt) 
k=l 

n 

- ^ hkt{vty + Wty) - e{{vt + Wt, hy) + {ht, Vy + Wy)){vty + Wty) 

k=l 

+ e{Vt+Wt,ht){Vyy+Wyy). (2.5) 



Lemma 2.1. For any s > 0, there exist constants Cie, C2t, C3 and C^e such that 

\\¥^''^D^f{Vt,Wt,Vy,Wy,VtuWtt,Vyy,Wyy)h\\s < C ( ( 1 1 W 1 1 ^ + 1 1 1 1 ^ ) 1 1 /l 1 1 , + 2 ( 1 1 1 1 , + 1 1 W 1 1 , ) 1 1 /l 1 1 , ) , (2 . 6) 

\\^!^^v)[f{^Vt,Wt + ht,Vy,Wy + hy,Vtt,Wtt + htt,Vyy,Wyy + hyy) 

-f{Vt, Wt, Vy, Wy, Vtt, Wtt, Vyy, Wyy) - D^f{Vt, Wt, Vy, Wy, Vft, W U , Vyy, W yy) k) \\s 

< C2.KiCs+\\v\U + \\w\Umhrs + \\h\\% (2.7) 

\\¥^''^f{Vt,Wt,Vy,Wy,VtuWtt,Vyy,Wyy)\\s < ^.^^(11^11^+11^11^). (2.8) 

Proof. By direct computation, we have 

n n n 

ll^(Afp) J^iVky + Wky)htt\\s = 11^^^'^ J^'^^'^y + ^ky)hktt\\s 

k=l fc=l fc=l 
n n 

fc=l k=l \{l,j)\<Np \{l,j)\<Np 
n n 

k=l k=l \{l,j)\<Np \{l,j)\<Np 

k=i \fc=i(zj)ez2 / \(Zj)6z2 

< Y^lHs + = N^ilHs + lk||.)||/il|. (2.9) 

fc=l 

and 

n n 

fc=l fc=l 

< 5^(*(^^)||(t;,,t;,)||. + 2||vi/W(t;,,^,)||. + ||vi/(^^)(^,,^,)||.)||^ 
fc=l 

n 

< iVpE(ll^ll' + 2|I^IUkll^ + ll^ll')ll^^'ll^ 

k=l 

< N^{\\v\\l + 2\\v\UMs + \\w\\l)\\h\U. (2.10) 
Using the similar computation method, we obtain 

n 

ll^(JVp) Yivky + Wky)hty\\s < N^ih'Ws + \\w\\s)\\hk\\s, 
k=l 

\\¥^^\Vt+Wt,Vy+Wy)hty\\s, \\\Vt+Wt\^hyy\\s < ( | | | | ^ + 2 | | ^ | W | | , + | | | ^ ) 



11*^'^''^ E ^'^^(^^ + 11*^'^''^ E ^'^'(^^^ + ^ II^IUII^L + Iklls), 

fc=l k=l 

W^'-^'^HVy + Wy, hy){Vu + Wu)\\s, H^^^^'^^t^t + , hy){Vty + l/^t , ) | | . < iV^^ ( | | | | . + | | | 1.) ^ 

\\¥^^\ht,Vy + Wy){Vty + Wty)\\s, {{^^'^^V t + W f, , h) (Vyy + W yy) \\ s < ( | | | | S + | | ^ | | 



\S1 

nh\\s. 



Above estimate combining with the Young inequality give that 

\\¥^'^'^D^f{Vt,WuVy,Wy,Vtt,Wtt,Vyy,Wyy)h\\s < Cl,N^ {{\\W \\l + \\V \\ h\\ s + 2{\\v \\ s + 1 1 If 1 1 , ) 1 1 /l 1 1 , ) 

where Ci^ denotes a constant depending on e. 

Next we prove (12771) and (IZ8l) . By (1231) and (1231) . we derive 

/(fi, + /it, Vy, Wy + hy, Vu, W U + ku , Vyy, W yy + kyy) " /(Wj, , Vy, Wy, f « , M7tf , Wyj^ , W yy) 

-DwfiVt, Wt, Vy, Wy, Vtt, Wtt, Vyy, W yy) k 

n 

= hky)htt + -{2{vy + Wy, hy) + \hy\^)htt + e\hy\'^{vtt + Wu) 

k=l 
n 

+ (y^ hkt)hty + e {{{vt + Wt, hy) + {vy + Wy, ht))hty + {ht, hy){vty + Wty)) 

k=l 

+2e{{vt + Wt, ht) + \htf)hyy. 
By the similar estimate with ( |2.9I) -( |2.10|) . we obtain 

\\^'^^p\f[Vt,Wt + ht,Vy,Wy + hy,Vtt,Wtt + htt,Vyy,Wyy + hyy) 

, Wt, Vy, Wy, Vtt, Wtt, Vyy, W yy 

) - D^f{Vt,Wt,Vy,Wy,Vtt,Wtt,Vyy,Wyy)h)\\s 

< C2.KiCs + \\v\U + \\w\U)ml + \\h\\% 

where and C3 are constants, depends on e. The estimate (12.81) is similar, so we omit it. 
This completes the proof. □ 

In the following, we study the property of operators To obtain the same separation 

properties as in IHIIH, we shall assume that 

\u^\-p\> TTT^^ V(g,p)GZV{(0,0)}, V/i>l. (2.11) 

maxjl, \p\^\ 

Lemma 2.2. Assume that u satisfies rti.(5|) and ^2.11^ . For S2 > Si > 0, the linearized 
operator j!^^^^ satisfies 



\\{J^''^\e,w))^\l 

< Cis2 - 5i)iV;+«" (1 + e,~'C,,s,N^{\\w\\l^,, + + 2\\w\U+s> + 2||i;||,,+,0)' \\h\L,i2.n) 



v3 



where C{s2 — si) = c{s2 — si) ^ c = c(^, r, si, S2, 71, 7) and denote constant, s' is a 

7 

2' 



constant satisfying s' > |. 
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In what follows, we carry out proving Lemma 2.2. Let 

b{t, X) := {du,f){Vt{t, X), Wt{t, X), Vy{t, X), Wy{t, X), Vtt{t, X), Wtt{t, X), Vyy{t, X), Wyy{t, X)) . 

For notational convenience, we denote = Np. For fixing ^ > 0, we define the regular sites R 
and the singular sites S as 

R := {a E Qiy\\d(^ij)\ > c;} and S := {a E QN\\d(ij) < (2.13) 

Due to the orthogonal decomposition H*-^^ = H/j H^, we identify a linear operator A acting 
on Hs with its matrix representation A = {A'l)a,b&nN with blocks A'^ G J {Ma, Mb)- We define 
the polynomially localized block matrices 

As := {A = {At)a,ben^ : \A\l := sup e''^''-^\\AX < oo}, 

where ||A^||o := sup^g_v-a,||«;||o=i Pb^llo is the L^-operator norm in J'(Ara, A4), for A^a, c 
fi^r. If s' > s, then these holds As' C As- 

The next lemma (see [[H) shows the algebra property of As and interpolation inequality. 

Lemma 2.3. There holds 

\AB\s < c{s)\A\s\B\s, yA,BeAs, s > sq > | (2.14) 

\AB\s<c{s){\A\s\B\s, + \AUB\s), s > So, (2.15) 
< c(s)(|Ay|M||s„ + |A|^J|m||s), \/ueHs, s > sq. (2.16) 

By Lemma 2.3, we can get, Vm e N, 

\A'%<c{sy''-^\A\'^, (2.17) 
\A^\s<m{c{s)\A\s,r~'\A\s. (2.18) 

The next two lemmas can be obtained by a small modification of the proof of Lemma 2.3.9 in 
im and Proposition 2.19 in |l5l, so we omit it. 

Lemma 2.4. Let A G As, ^1,^2 C ^n, and r2i fl 1^2 = 0. Then 

\\A'^^h<c{s)\A\sd~\n,,n^f'~\ 
Since is an algebra, for each 6 G defines the multiplication operator 

w{t,x)^h{t,x)w{t,x), Vw G H^, (2.19) 
which is represented by {B^)a,b(in^ with 5;^ := mMj){t,x)\M^ G J{UaMb)- 

Lemma 2.5. For real functions h{t,x) G fl^^+s' with s' > | , the matrix {B^)a,benN repre- 
senting the multiplication operator ^2.1% is self -adjoint, it belongs to the algebra of polynomi- 
ally localized matrices As, and we have 

\B\s<K{s)\\h\\s+s', 
where K{s) is a constant depending on s. 
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We define 

h ^ J^^'^h] := ¥''\j^h + 2uj^eh{t,x)h), \/h G H^^^. (2.20) 
We write (12.201) by the block matrix 

J-j^) = D + 2uj^eT, D := diaga=(^ij)<nMi,3))^ (2-21) 
where (/, j) G fi^v := {a := (/, j) G Z^IK/, j)| < iV}, 

:= nu'^l'^ — f' 1 (2.22) 

and for AC,, A/fe C ^at, 

T := (T,'^)a,6en^, T« := v^A^^Jj^k ^ J(Ar„A4). (2.23) 

Here T is represented by the self-adjoint Toepliz matrix (Ta_b)a,6e!^jv' the being the fourier 
coefficients of the function h{t, x). 

In what follows, we prove the estimate ( 12.121) . For each N , we denote the restrictions of 
5, -R, to with the same symbols. The following result shows the separation of singular 
sites, and the proof can be completed by following essentially the scheme of flU |5l [6l, so we 
omit it. 

Lemma 2.6. Assume that u satisfies ( |7.<5P and ( 12.771) . There exists <^o(7) such that for q G 
(0, ^^0(7)] o.nd a partition of the singular sites S which can be partitioned in pairwise disjoint 
clusters Qa as 

5 = y fi„ (2.24) 

satisfying 

• (dyadic) Va G A C VIn, Ma < 2mQ,, where Ma := maxag^^ \a\, nia := maXagHc kl- 

• (separation) 3A, c > such thatdiVta, ^13) > c{Ma + Mp)^, Va 7^ (3, where d{fla, ^13) '■ = 
maxaen^^ften^ \a - b\ and A G (0, 1) . 

Using Lemma 2.5 and Lemma 2.1, we have the following. 

Lemma 2.7. Let s' > |. For a real b{t, x) G Hg^gi, the matrix T = (TI^)a,benN defined in 
( 12.231) is self-adjoint and belongs to the algebra of polynomially localized matrices As with 

\T\s < K{s)\\b\\,+s' < C,K{s)N^ iMUs' + Ml+s' + 2|k||.+.' + 2||'^;||,+,,) . 

Moreover, for any s > s', 

\TU < K'is)N-^'\\b\U < C,K\s)N'^^' {\\w\\l^, + ||.;||^+,, + 2||«;||,+,, + 2||.;||,+,,) , 

where K{s) is a constant depending on s. 
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Since the decomposition 

H(^) :=H^,©H5, 

with 

H«:= Ua^ ns = K 



we can represent the operator jT^i^^ as the self-adjoint block matrix 



Jr Jr 
Js Js 



= 

where J| = {J§)\ Jr = 4, Js = 4- 

Thus the invertibility of J^i^^ can be expressed via the "resolvent-type" identity 

u<">)-' ^ ( i ) ( ^ ) ( -jk' ? ) ■ 

where the "quasi-singular" matrix 

J := Js — JsJr^Jr ^ '^s('S'), 

where ^^(5') denotes As restricting on S. The reason of ^7 G .4,^(5') is that J' is the restriction 
to S of the polynomially localized matrix 

Is{J - IsJIrJ~'IrJIs)Is e As, 

where 

J-^=(' ° 

[O Jr 

Lemma 2.8. Assume that u satisfies ( |i.<5|) and (|2J7]). For sq < Si < S2, \Jr^\so ^ 2^^\ 
the operator Jr satisfies 

\jR%,<c{s^){l + ec,~^\T\s,), (2.26) 
<c{'-i,T,S2){s2-siY^{l + eq~^\T\s.,)\\w\\s^, (2.27) 

where J~^ = J^^Dr, 0(7, r, S2) a constant depending on 7, r, S2. 

Proof. It follows from (12.211) and (12.131) that Dr is a diagonal matrix and satisfies | \s < <;^^ . 
By (12.141 ). we have that the Neumann series 

4' = JrDr = Y.^-er^D-^'TRr (2.28) 

m>0 

is totally convergent in | ■ with | J^^U, ^ 2^^\ by taking ec,^^\T\sQ < c(so) small enough. 
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Using (12.141) and (I2.18L we have that Vm e N, 

e^\{D-^^Tnri, < e^c{s)\{D-^'Tnri, 

< d{s)em<,-\ec{s{)<;-^\Tl,r~'\T\s,. 

which together with (12.281) implies that for eq~^\T\sQ < c{sq) small enough, (12.261) holds. 
By nonresonance condition (11.61) and sup3,>o(a;^e~^) = (ye~^)^, > 0, we derive 

< c(7,r)(s2-Si)-2^ (2.29) 

Then by ^[TM . for any w e Hr, 



|2 



(Z,j)6-Rnnjv 
(z,i)e-RnQjv 

< J2 e-2(l^l+l^-|)(^^-^i)|na;2;2 _^.2|-2|g2(K|+|,|).2|| J^i^^.j 
(z,i)e-RnQjv 

< ci^,T)is,-S^r'^\\J],'w\\l. 



2 

L2 



Thus using interpolation (12.161) and (12.261) . we derive that for si < s < S2, 

\\Jr^\\s, < c(7,r)(s2 -Si)'^||J^^w||,2 

< c(r,r,S2)(s2 - Siy{\Jj^^\sJ\w\\s + |^R^Uk||,J 

< cir,T,S2)is2-s^ni + e^^'\Tl,)Ms,. 

This completes the proof. □ 
Next we analyse the quasi-singular matrix J. By (12.241) . the singular sites restricted to fi^v 

are 

5' = Qa, where 1^ '■= {« G Nlm^ < A^}, 

and Vta = U fi/vT. Due to the decomposition Hs := 0Qgij^ -^a, where := ^aan^ -^^^ 
represent J as the block matrix J = {Jl^)a,ii(^iN, where := ^I/Ha-^ln^- So we can rewrite 

J = V + T, 

where P := diaga&i^{Ja), Ja ■= J^^ T := {Ji)aj^i3- 

We define a diagonal matrix corresponding to the matrix T) as D := diagat^i^{Ja), where 
J a = diagj(zn^{Dj). 
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Lemma 2.9. Assume that u satisfies di.<5D and A2.11\l . We have 



S21 



\\V-^Dw\\s,<c{q,Si,-i{)N^\\w\ 
where c(^, si, 71) is a constant which depends on q, si and 71. 

Proof. Note that ||w;a||o < '^o'^MI^allsi ^^'^ = 2ma- So for any w = J2aeiN ^ 
Wa G Ha, 



< C7r'4-^Mf||J, 



' a^a Wsi 



|2 
Isi 

C7-24^iAr2r||^^||2^_ (2.30) 



Using interpolation (12.161 ) and (I2.13L for < Si < S2, it follows from (12.301) that 



SI 



< cj^'r^N-{\DUwU + \DU,\\w\U 

This completes the proof. □ 
The following result is taken from |f5T|, so we omit the proof. 
Lemma 2.10. For kq = t + 3, Vs > 0, Vm e A^, there hold: 

cis,)\\v-'r\\so<l, < c(s)7^'iv^ (2.31) 

UV-'rrwWs < {ei^'K{s)r{mN^"\Tl\T\Z-'\\w\U + |T|™,|k||.). (2.32) 

Lemma 2.11. Assume that u satisfies ( li.<5D and ( 12. 77 P . i^or < sq < si < S2 < S3, we 
have 

<c(^,r,Si,7i,7)iV"+"n53-S2)^"(lk||s,+£|T|,J|ti;||,J. (2.33) 
Proof. The Neumann series 

j-i = (/ + v-^ry^v-^ = ^(-i)™(p-ir)'"r'"^ (2.34) 

m>0 

is totally convergent in operator norm || ■ ||sy with \\J'^^ \\so < c'j^^N'^, by using (12.311) . 



14 

By (I2J21) and (ICTl) . we have 



m>l 

m>l 

+iV««K(si)£7r'|T|.J|P^^w;||.o5^m(i^(s)£7r'|T|.o)"^"'. (2.35) 



m>l 



Using sup^,>o(a^^e ^) = (ye ^)^, Vy > 0, for < Si < S2 < S3, it follows from Lemma 2.9 
that 



\V~'w\\i^ = \\V-'DD-'w\\i<c'{^,s^,^,)N'^\\D-'w\\i 

(i,j)eRnnN 



2 



(i,j)6/?nnAr 

,-2(|«| + |i|)(s3-S2)|7|-2^2(|«| + |i|)s3|U„^.^^^^ 



< c^(<^,Si,7i)A^2" ^ e -'iq -e--'"--n|w^ill£2 

(;,j)6i?nn]v 

< c2(^,r,si,7i,7)A^'"(53-S2)"'1kl|^3. (2.36) 
Thus by (l235l) and (IZ361) . we derive 

llJ^^'^ll.i < 7r'iV''"i^'(5i)(P^'w^L,+^|T|.J|P-^w;||.„) 

< c{^,T,s^,^,,^)N^+'^'^{s^-S2)-^i\\w\\s,+e\TU\w\U, (2.37) 

where < si < S2 < S3 and 57^ ^^"^(1 + \T\so) < c{k) small enough. □ 

Now we are ready to prove Lemma 2.2. Let w = wr + ws with ws G H5, wr E Kr. Then 
by the resolvent identity (12.251) . 

WiJ^'^^'wlU < WJr'wr + J^'JiJ-\ws + 4Jr'wr)\U + \\J-\wR + 4Jn'^R)\U 

< \\Jr'^r\L + \\Jr'Js'J''^s\L + \\Jr'4J~'4Jr'^r\U 

+ \\J^'wr\L + WJ^'JrJr'^rIL- (2.38) 

Next we estimate the right hand side of (12.381) one by one. Using (12.161) . (12.271) and (12.331) . for 

< si < S2 < S3 < S4, we have 

WJn'JiJ^'wslU < c{^,T,S2){s2-s^y^il + e^~'\TU\\JiJ~'ws\\s, 

< c{-f,T,S2){s2-s^)'-{l + e<;-'\TU\TU\J-'w\U, 

< c(7,7l,'^,r,S2)(s2 - Si)-^(S4 - S3)-"iV^+'^° 

x{l + e,-'\TU,)\TUMM\ss+e\TU\\wU, (2.39) 
\\J~'JPr'wr\\s, < c(<^,r,si,7i,7)A^"+'^°(s3-S2)-" 



x{\\Jp-'wn\U + e\TU4jR^R\L) 

< c(<^, r, si, S2, S3, 71, 7)A^"^"°(S3 - ^2)^" 
x(|T|,J|J-i|/;^||,,+e|T|,jT|,,||J^iti;^||,J 

< c(<^, r, si, S2, S3, 71, 7)A^"^"°(S3 - ^2)"" 
x(|T|,3(s4-S3)"-(l + ec^-i|T|,J||u;||,, 
+e\TUTUs, - s,r^{l + e,~'\T\,,)\HU,) 

< c(^, r, si, S2, S3, 71, 7)iV"+"°(53 - 52)-lT|,3(l + e^-i|T|,J 
x((s4 - S3)-1|i/;||., + e|T|,,(s3 - S2r^\\w\\s,), (2.40) 

||J^V^:r-V|j^i./;«||., < ci^,T,s,)is,-s^)-^il + e,~'\TU,)\\JiJ-'Jp^'wn\\s, 

< c(7,r,s2)(s2-si)""(i + e?"'|r|,j|r|,j|:r-V|j^iw^j|,, 

< c(^, r, si, S2, S3, 71, l)N^^''%ss - s.y^is, - Si)-^\T\l 
xil + e^-'\Tl,fiis,-ss)-^\\w\\s, 

+e\Tl,{ss-S2r^\\w\U. (2.41) 

The terms || and || jT'^^tfijUsi can be controlled by using (12.271) and (12.331 ). Thus by 

(I2.38I) - (I2.41D . for < s < s, we conclude 

which together with Lemma 2.7 gives (12.121 ). 



3 Solution of the range equation (I1.10|) and the bifurcation 
equation (11.121) 

In this section, we give the proof of Theorem 1.1. An equivalent result is: 

Proposition 3.1. Assume that S is a regular timelke minimal surface in Z?^"*"" which is 
diffeomorphic to a torus T. There exists a Sobolev regularity parametrization 

^ E, 

ofT, such that x(t, 6) = t + 6 + u{t + 6, ut) is time quasi-periodic with frequency (1, u) and 
periodic in s with periodic T, and 

\xe\^xtt - 2{xt, xe)xte + {\xt\^ - l)xee = 0, 

where u G V^ ^- satisfies nonresonant condition di.(5|) and d2.ii1) . V^^^- C [0, eo] x [wi, a;2] denote 
a Cantor like set of Lebesgue measure |^^7,r| > eo(|i^2 — cji| — C7). 

Furthermore, let t > 0,0 < cro + 32(r + 2) < a andeo > 0. The Sobolev regularity solution 
of above equation gives rise to a global and local uniqueness Sobolev regular timelike torus T in 

E}^"^, and a map x(e, uj) E C'^{[0, eo] x [uji,uj2]',Hs.) with \\u{e,uj)\\^ = 0(e), ww(e, a;)||^ < 
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The proof of Proposition 3 . 1 is based on constructing a suitable Nash-Moser iteration scheme. 
Due to the powerful Nash-Moser iteration scheme, we can solve both the range equation (11.101) 
and the bifurcation equation (11.121) by the same scheme. So we only show the existence of 
solution for the range equation (11.101) . The dependence upon the parameter cu of the solution 
of (11.101) . as is well known, is more delicated since it involves in the small divisors of coj: it 
is, however, standard to check that this dependence is on a bounded set of Diophantine 
numbers, for more details, see, for example, |l4l|5]|. 

We construct the "first step approximation". 

Lemma 3.1. Assume that u satisfies A1.6\i and ( 12.771) . Then system A2.2\i has the "first step 
approximation" w;^ G H^J^'^K- 

n 
k=l 

n 

-(j^Kt + O + ^{Vt + wlVy + wl)){Vty + O + ^\Vt + W^tWVyy + ) ) , ( 3 . 1 ) 

k=l 



= R' = 2uh¥''^\{Y^ wly)wl + '-{2{vy + wD + \wl\')wl, + e\wy{vu + <) 

k=l 



k=l 

+2e{{vt + w^,wl) + \wlf)wly). (3.2) 

Proof. Assume that we have chosen suitable the "0th step" approximation solution w^. (In fact, 
we can choose w° = 0). Then the target is to get the "1th step" approximation solution. 
Denote 

= J^vP + 2uj\¥''^^j{vu wl vy, wl vu. vyy, wly). (3.3) 

By (12.21) . we have 

J^w"" + w^) = Mw"" + w^) + 2uh¥'''^f{vt, + wl,Vy, wl + wl vu, < + <, Vyy, + wly) 
= J^w' + 2cuh^^^^^f{vt, Vy, v^, Vu, <, Vyy, wly) + J^w' 
+2Loh^^''^^D^fivt, w^, Vy, vl Vu, <, Vyy, wly)w^ 
+2ujh^^'''\f{vt, w^t + w], Vy, wl + w], Vu, wl + wl^, Vyy, wly + wly) 

-fiyt, W°, Vy, Vl, Vu, W° , Vyy, ) " D ^ f {V t , , Vy, W j , Vu, , Vyy, ^ ) ^ ^ ) 

= 7^0 + Ji^^^u;^ + (3.4) 

where 

J-W)^! = J^w^ + 2ujh¥'^-^D^f{vuwlvu,wl)w' 

n 

= J^w' + 2c.^eM/(^^)((5](.;,, + <) ^Uvy^ wl\')wl 



k=l 



17 

n 

-CZ.^'^ky + wly) + e{vt + wl Vy + wl))w]y 

k=l 

n 

n 

- 5^ + w^ty) - + wl) + t;^ + w5;))(t;t,y + w^^y) 

k=l 

+e{vt + w^,wl){vyy + wly)), 



R' = 2u'e¥''^\f{vt,w^ + wlvy,wl + wl,vu.w',, + wlvyy,wly + wly) 

-fiVt, Vy, Vy, VtU , Vyy, VPy^ " D^f{Vt, , Vy, Vy, , Wf^ , Vyy , 

n 

= 2a;2ev[/(^^)((5^0< + '-{2{vy + w^wD + \wl\')wl, + e\wl\\vu + <) 



fc=i 



fc=i 

+2e((t;, + <^/;,i) + |w;,i|>;^). 
Then taking 

/ = -(J-W))-lijO^H(ArO^ 



thus it has 



By (|3.4I) . we deduce 



^1 := = + tf') 

= 2u^e¥'''\f{vt, + w\,Vy, wl + w\, Vu, < + w^, Vyy, wly + wly) 

-f{VU Vy, V^, Vu, U^i" , Vyy, li/jj^^ ) " D^,f{Vt, W^^ , Vy, V^ , Vu, Wl^, Vyy, ) ^ ) 

n 



fc=i 



7t 

fc=i 

+2e((t;, + w;°,^/;,^) + |^/;ipX^). 
In fact, by (12.21) and (13.31 ). we can obtain 

= 2u\il - ¥''-'^)¥''^^j{v,,w\,Vy,vl,Vu.wl,Vyy,wl;). (3.5) 
This completes the proof. □ 
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In order to prove the convergence of the Newton algorithm, the following estimate is needed. 
Firstly, for convenience, we define 

:= 2uh¥''''>f{vt, wl vy, vl Vu, Vyy, <). (3.6) 

Lemma 3.2. Assume that oj satisfies f |i.<5|) and ([2.1 Then for any < a < a, the following 
estimates hold: 

\\wX~a < 2uhC{a)C,,Nl+^'>+\\\wX + \Hl) 

X (1 + e,-'C,,^Nt{\\wX+s' + MUs' + 211^1.+.' + 2\\v\U,,)f , 



X (1 + e<;-'C,,^N^{\\wX+s' + MUs' + 2|k°IU+.' + 2\\v\U,)Y 

X [1 + C{a){l + 2uje\~'Cl^N'X^^%\\wX^s' + MUs' + 2\\wX+s' + 2||'.|U+.0)' 

xXX+\\wX)]. (3.7) 

where C{a) is defined in <\3.8\i . s' is a constant satisfying s > |, C^^, C^^^ and denote 
constant depending on e and a, respectively. 

Proof. Denote 

C{a) = c(^,r,cr,7i,7)a"^. (3.8) 
From the definition of in (13.11 ). by Lemma 2.2, (12.11) . (13.61 ) and (12.81 ). we derive 



< C{a)Nl^-^ (1 + e,-^C,,^Nt{\\wX.+s' + + 2|k°|U+y + 2\\v\U,)Y W^X 

< 2ujhC{a) (1 + e^^a.^iVf + \\v\\X, + 2\\wX+s' + 2||i;|U+.0)' 

X W^'^^^'^fiVt, Vy, VtU <, Vyy, W ) |U + . + «o 

< 2a;2^C(a)C4eiVr'^°+Mk°||^ + 

X (1 + e^~^C,,,Nl{\\wX.^s' + ll^ll'+s' + 2\\wX+s' + 2|K;|U+.0)' • (3.9) 

By (1211) . (IZTl) . (1X91) and the definition of E\ we have 

\\EX-a = \\^'^'^'\f{Vt, + wl,Vy, Wl + Wl Vu, < + Wl, Vyy, + Wly) 

-f{vt, w^^, Vy, vl, Vu, wl, Vyy, wly) - D^fivt, w^^, Vy, vl, Vu, <, Vyy, wly)w'^X-o. 

< 2uhC2.Nt{C, + \\wX~c. + \\vX~MwX.-a + IkiLa) 

= 2ujhC2,Nt{c^ + \\wX-a + + \\wX~c.) 

< 2uhC2.C'ia)Nt^'^^^''"\C, + + \\wX^a) 

X (1 + e,-'C,,.NmwX+s' + 11^^11'+.' + 2||u.l.+.' + 2\\v\U,)Y \\EX 

X (1 + C(a)iVr«°(l + 6^-ia,.iVf + + 2||^°|U+,, + 2\\v\U,,)nE 
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< 2ujhC2.C\a){C, + + ||^°|U_„)||^°||^^2+(.+.o) 

X (1 + e,-'C,^^Nt{\\w'\\l+s' + MUs' + n^'\Us' + 2\\v\U,)Y 

X (l + C(«)(l + ec,-'C,^„Nt{\\wY.+s' + Ikll'+s' + 2||ti;0|U+,, + 2||i;|U+,0)'ll^°IU+r+.„) 

X (1 + e?-ia,<xiVi + 11^^11'+.' + nwX+s' + 2|K;|U+,0)' 

X [1 + C{a){l + 2a;eV^C;X+^+^''(lk°ll'+s' + 11^11'+.' + 2|k°|U+.' + 2||t;|U+,0)' 

x(||^||^+lk°||^)]. 

This completes the proof. □ 
For ]? G N and < o-q < (x < ci, set 



ap:=a + ^^, (3.10) 



ap+i := CTp - cTp+i = (3.11) 



By (irT0l) - (l3lT]) . it follows that 

ao > ai > . . . > ap > (jp+i > /or p G N. 

Define 

:= + f or e H''J^°\ 
p 

k=Q p 

In fact, to obtain the "p th" approximation solution G H^^''^ of system (|2.2I) . by lemma 3.1, 
we need to solve following equations 

p p p— 1 p~i p— 1 p~i 

k=0 k=0 k=Q k=0 k=Q k=0 

p— 1 p— 1 P~l P~l 

+ 2a;2g^'(A^p)/)^ wl Vy, ^ Vtu w^, Vyy, ^ w';y)wP 

k=0 k=0 k=Q k=0 

P P P P 

k=0 k=Q k=0 k=0 

p—1 p— 1 P^l p— 1 

k \ 



-f{vt, J2 ^^ ^s/' ^2^3" 

k=0 k=0 k=0 k=0 

p—1 p— 1 P~l P~l 

-D^f{vt, Y Vy^ Y ^S' XI ^i*' ^2^!^' XI 
fc=0 k=0 k=0 k=0 



""yy) 
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Then the th' step approximation G H^^''^ : 

ujP = -{jf-Y^EP-\ (3.12) 

where 

p p— 1 p— 1 p— 1 p— 1 

fc=0 fc=0 k=0 k=0 k=0 

p~l P~l P~l P^l 

= 2a;2e(J - vl/C^.-O) vl/{^.)/(^;„ ^ , ^ ^J, ^ ^ ^J^) . 

fe=0 k=0 k=0 k=0 

As done in Lemma 3.1, it is easy to get that 

Tl 

EP := = 2a;26*(^^)((5^<^)< + ^(2^ + + |^^n< + e\wP/{vu + <-^) 

n 

fc=i 

+2e((t;, + ti;r\0 + k?nO, (3-13) 

p—i p— 1 p~i p~i 

= 2a;2,vl/(^.)/(^,,, ^ , ^ ^J, ^ Vyy, <)• (3-14) 

fc=0 fc=0 fe=0 fc=0 

Hence we only need to estimate R^" ^ to prove the convergence of algorithm. 

Remark 3.1. By l\3.12\) and Lemma 3.5, we deduce that the solution of the range equation 
di.i2|) w depending on the solution of the bifurcation equation v, and by Lemma 2.1, there exist 
a constant R such that 

\\w\y<Ril + \\v\\l). 

Since the existence of the range equation U.10\) by using the same Nash-Moser iteration scheme, 
we can obtain the similar result with l\3.12\) and Lemma 3.5. Thus it follows Lemma 2.1 and 
0J21) that 

\\vy<Ril + \\w\\l), (3.15) 

where R is a constant. 

By Lemmas 2.1-2.2 and (13.151) . we directly have 

Lemma 3.3. Assume that cu satisfies f li.(5D and i\2.11\i . For S2 > Si > 0, the linearized 
operator jT'i^'''' satisfies 

< C{s, - s,)N;+-" (1 + e,^'a,n'K{s,)Ni{\\w\\l^^,, + \\w\\%^,, + \\w\\l^,, + \\h\U„ (3.16) 

where C{s2 — Si) = c(s2 — si)""^, c = c(<^, r, si, S2, 7i, 7) and C^^ri denote constant, s' is a 
constant satisfying s' > |. 



Lemma 3.4. 



For any s > 0, there exist constants C20 C^^ri and Cie,R' such that 
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\\^'^^^\f\Vt,Wt + ht,Vy,Wy + h 

yi t-'ttl + htti Vyy, Wyy + kyy) 

-f{Vt, Wt, Vy, Wy, Vtt, Wtt, Vyy, Wyy) " DyjfiVt, Wf, Vy, Wy, Vu, W U , Vyy, Wyy)h) \\s 

< C,,K{C,,R' + \\w\\l + \\w\l){\\h\\l + \\h\\l), (3.17) 



\\^^'^''^f{VU Wt, Vy, Wy, Vtt, Wtt, Vyy, W 



yyJUs<C^e,R'N^{\\w\\l+\\w\\' 



\W\ 



(3.18) 



The following result tells us that the existence of solutions for (12.21) . A key point is to give 
a sufficient condition on the convergence of Newton algorithm. 



Lemma 3.5. Assume that u satisfies ^7.(51) and A2.11\) . Then, for sufficiently small e, equa- 
tions (122]) has a solution 



w^ 



k=0 



Proof. This proof is divided into the following situations. If 



ec;-'C,^R>K{a,.,)N^[\\w 
we have 



.P-1||6 



\W 



p-l||3 



\W 



p-l||2 



\W 



p-1 1 



< 1, 



Case 1 : 


2Ciap)N;'-^'\\EP- 


-1 


0"p-l 


>1, 


Ik"" 


-1 


"■p 


> 


\wP- 


1 


|3 


1- C3,R', 


II ^""'1 


Op- 


-2 < 11^"- 


-1 


|o"p- 


-1 ) 


Case 2 : 




-1 


0"p-l 


>1, 


Ik"" 




"■p 


> 


\wP^ 


1 


|3 
lo-p 


\- C3,R', 


11^""' 1 


Op- 


. > 11^"" 




0"p- 


-1 ) 


Case 3 : 


2C(ap)A^;+"°||EP^ 


-1 


0"p-l 


>1, 


Ik"" 


-1 


"■p 


< 


\wP^ 


-1 


|3 
lo-p 


1- C3,R', 


II EP"^' 


Cp- 


. < 11^"" 


-1 


1 o"p- 


-1 ) 


Case 4 : 


2CK)iv;+««||EP^ 


-1 


Tp-l 


>1, 


Ik"" 


-1 


o"p 


< 


\wP^ 


-1 


|3 

lop 


(- Cs^R/, 


11^^-2 


Op- 


-2 > 11^"" 


-1 


1 Op- 


-1 ' 


Case 5 : 


2C{ap)N;^-^\\EP- 


-1 


CTp-l 


<1, 


Ik"" 


'1 


icTp 


> 


\wP~ 


-1 


|3 

lop 


(- Cs^R/, 


11^^-2 


Op- 


-2 < 11^"" 


-1 


1 Op- 


-1 ' 


Case 6 : 


2C{ap)N;+-''\\EP- 


-1 


CTp-l 


<1, 


Ik"" 


'1 


icTp 


> 


\w'f- 


-1 


|3 

lop 


^ C3,R', 


\\EP-^ 


Op- 


-2 > 11^"" 


-1 


1 Op- 


-1 ' 


Case 7 : 


2C{ap)N;+-''\\EP- 


-1 


CTp-l 


<1, 


Ik"" 


'1 


icTp 


< 


Ik"" 


-1 


|3 

lop 


^ C-i^R', 


\\EP'^ 


Op- 


. < 11^"" 


-1 


1 Op- 


-1 ' 


Case 8 : 


2CK)iv;+'^«||EP' 


-1 


Tp-l 


<1, 


Ik"" 


-1 


|o"p 


< 


Ik"" 


-1 


|3 
lop 


1- C3,R', 


II ^P^' 


fp- 


> 11^"" 


-1 


1 o-p- 


-1 ■ 



We only prove the case 1, the rest case is the similar. By Lemma 3.3, (13.121) and (13.141) . we 
derive 



< C'K)iV;+''«||E^-i.^_,(l + e<^-^a,ij'/^K_i)iV^^||«;^'-i^^_^^,, 



\w 



p 

p-l||3 



«' + k 



p-i||2 .^ii^^'-iiL^ 



lop_i+s' 



lop-l-fs'J 



< 2Cia,)\\EP~%^_ l+2(r 



+Ko)' 



(3.19) 



where c(e, ^) is a constant depending on e and ^, K{ap) is a bounded constant due to (13.101) . 
Note that Np = N^, Vp e N. By (l3J3]) - (l3J9l) and (ISTTl) in Lemma 3.4, we have 



IIE^IU, = 2uh\\¥''^\f{v„J2^tVy,Y.<^ 



k=0 



k=0 



P P 

VtU^w'l^,Vyy,j2 

k=0 k=0 



W. 
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p— 1 p— 1 p~i p~i 

-f{vt, J2 ^S' 

"^tt' "^W "^yj/) 
fc=0 fc=o fc=0 k=0 

p— 1 p— 1 p~i p~i 

-R^f{vt, J2 ' ""s^S" ^ra) ii-p 

fc=0 fc=0 fe=0 k=0 

x(i + 2CK)iv;+'^°p^-i.^_j 

< ■■■ 

k=l 

fc=i 

< (8au;^6)^ni^iro+i6(.+.o+i) flC''(«p+i-^) 

fc=i 

< (8^'+iau;W6(r,cr,a,7i,7)p°|U,+i6(.+Ko+i))''- (3-20) 
Hence we can choose a small e > such that 

8^'+iac^2eci6(r,a,a,7i,7)||E°|U„+i6(.+Ko+i) < 1- 

We derive 

lim mu = o. 

p — ^oo 

If 

we have 

Case 1* : llw^^ia^^i+y > 1, 
Case 2* : < \\wP^^\\^^_,+s' < 1- 

For the case 1*, by Lemma 3.3, (l3TT2l) and (l3J4l) - (l3l3]) . we derive 
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p-l||6 



,P-1||2 



r+KO + 12 
P 



X w 



p-l||6 



, + \\W 



p-l||3 



p-l\\2 



r+Ko+2s' + 12||^p-l||18 



|0"p-l 



X w 



P-2||18- 



-2||18 



< 
< 



(3.21) 



fc=i 



where 0^^'^,^ denote a constant depending on e, i?', a, a. 

But we will choose the initial step w° = in this paper, which combining with (13.211) leads 
to ||u'P||ap = 0, Vj9 G N. This contradicts with assumption ||w||o-p_i+s' > 1. Hence, the case is 
not possible. 

For the case 2*, we need to divide into the following situations 



Case 1* 
Case T 
Case 3* 
Case 4* 
Case 5* 
Case 6* 
Case 7* 
Case 8* 



2C(ap)Ar^+"«||EP-i 
2C(ap)iV;+"«||E*'-i 
2C(ap)iV;+"«||E^-i 
2C(ap)iV;+"«||E^'-i 
2C(ap)iV;+"°||EP-i 
2C(ap)iV;+'^°||EP-i 
2C(ap)iV;+'^°||E*'-i 
2C(ap)iV;+"°||E^'-i 



o-p-i ^ 

CTp-l ^ 1' 

CTp-l — 

CTp-l — 

CTp-l ^ 1) 

o-p-1 ^ 1; 

o-p-1 — 1) 

, < 1, 



p-l| 



W 



p-l| 



p-i| 



p-i| 



p-i| 



p-i| 



w 



p-i| 



p-i| 



< 



< 



< 



< 
> 



> 



> 



> 



w 



p-l||3 



W 



p-l||3 



W 



p-l||3 



If 



p-l||3 



W 



p-l||3 



p-l||3 



p-l||3 



W 



p-l||3 



3 

(Tp 


+ C-i^B!-, 




CTp- 


. < p^-' 


3 

(Tp 


+ C'3,iJ'; 




CTp- 


. > \\E''' 


3 

(Tp 


+ C'3,i?'; 




CTp- 


. < \\E^'' 


3 

CTp 


+ C'3,i?'; 




CTp- 


. > WE'-' 


3 

CTp 


+ C'3,i?'; 




CTp- 


. < \\E^~' 


3 

CTp 


+ Cz,Ri-, 




0"p- 


. > \\E''-' 


3 
<jp 


+ ^"3,/?', 


II E*'-^ 


0"p- 


. < \\E''' 


3 
(jp 


+ (^3,/?' , 


II E*'-^ 


0"p- 


. > \\E^'' 



Now we prove that the cases 5** — 8** are not possible. For simple, we only discuss the case 
5**. By the similar process of (13.201) . we have 



= W-iJl^'^^'E^^'K 

< CK)iV;+''«||i?P-i|U^_,(l + e^-'C,,n'Kia,_,)N^ 



\w 



p-l||6 



+ W 



,p-l||3 



X W 



3 

p-l||6 



p-l||2 



iCTp-l+S' 



+ k 



IcTp-l+s' 



< 2'e\-'Cl^Mcyp)N;'--''''''\\E^-Xp-. 



\w 



p-l||3 



< 64e\-=^Cj,,,2^-iV(-+-+^'+^^)^(8^^^-^ac.^6c^^(r, a, a, 71, 7) P°IU„+i6(.+.oH-i)) 



p-l||2 



I(jp_l+S' 



< 64e\-3Cf 



g42+l2rjY(-r+K;o+s'+12), 



ec (r, a, a, 71,7) II E ||^(,+i6(r+Ko+i)) 



4P-1 
4P-1 



(3.22) 



where Cf^ ^ is a constant depending on e ci and a. 
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We can choose sufficient small e > such that 

g4^+i2.^(.+.o+.'+i2)^^^2^^i6(^^ a, a, 71, 7) ll^°IUo+i6(.+«o+i) < 1- 

Thus, by (13.221) . we have linip ll^^^llo-p = 0. This contradicts ||u^^~^||crp > 1 + C's- Hence, 

the cases 5** — 8** are not possible. 

In the following, we only prove the case 1**. The idea of proving the rest three cases is the 
same, so we omit it. By (I3.17L (I3.13I) - (I3.19I) and (I3.22L we derive 

k=0 k=0 k=0 k=0 

p—1 p— 1 P^l P~l 



-f{vt, '^t^ 5Z ^yy^ 



k=0 k=0 k=0 k=0 

p—1 p— 1 P^l P^l 

-D^f{Vt, W^, Vy, Y Wy, Vtt, Y ^tU Vyy, 



fc=0 fc=0 fc=0 fc=0 

p-1 



\\UpJ 



x(i + 2CK)iv;+'^°p^-i.^_j 

< 4C2e,i?'u;'eC3(«p)iV3(-+«o+i)||^P-i||3^_^ 

< ■■■ 



k=l 

k=l 

k=i 

< (4C2e,/?'C^W6(r,a,a, 71,7)11^1 1))''. (3.23) 

Hence we choose a small e > such that 

4C2e,_R'W^ec^^(r,a-,a-,7i,7)||E°||^o+9(^+«o+i) < 1. 
Then (1X221) implies that 

lim ||i?nU, = 0. 

p — >oo 

Therefore we conclude that (12.21) has a solution 

oo 
fc=0 

This completes the proof. □ 
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Next result gives the local uniqueness of solutions for equation (12.21) . 

Lemma 3.6. Assume that oj satisfies MM and d2.iiD . Equation <\2.2\l has a unique solution 
w G n Bi{0) obtained in Lemma 3.5. 

Proof. Let w, w' E fl Bi(0) be two solutions of system (12.21) , where 

Bi(0) := < S, for some 6 < 1, Ws > 16(r + kq + 1)}. 

Write ip = w — w'. Our target is to prove ijj = O.By (12.21) . we have 

J^ijj + 2u'^e^<^J'^^p^D^f{vt,w[,Vy,w'y,Vtt,w[^,Vyy,Wyy)'^|J 

+ 2u'^e-<i/'^'^''\f{Vt, WU Vy, Wy, Vtt, WU, Vyy, Wyy) " / ( , W'^, Vy, Wy, V tU W'^, ^ yy , w' y^ 

-D^f{vt, w[, Vy, Wy, va, w[t, Vyy, w'yy)ip) = 0, 
which implies that 

ij = -2ujh{J^ + 2uj\^^^^'>D^f{vt,w[,Vy,w'y,Vtuw[^,Vyy,w'yy))~^ 

X^(^P)(/(t;t, Wt, Vy, Wy, VtU Wtt, Vyy, Wyy) " f{Vt, Vy, Wy, Vft, W^^, Vyy, Wyy) 

-DyjfiVt, W[, Vy, Wy, Vtt, W[t, Vyy, Wyy)'lp) . (3.24) 

If 

e,-'a,R,Kia,^,)N^i\\w'\\X_^_,,, + \\w'\\l_^^,, + \\w'\\l_^^,, + |k'||.,_,+.0 < 1, 
by Lemma 3.3, (I37T71) in Lemma 3.4, (1X241) and Np = N'll, \/p e N, we have 

, = 2Uj'^e\\{j^P)~^^^^P\f{Vt,Wt,Vy,Wy,VtuWtuVyy,Wyy) 

-f{VU W't, Vy, W'y, VtU W'tt, Vyy, Wyy) - D^f{Vt, W[, Vy, Wy, Vtt, W[t, Vyy, Wyy)tp)\\„^ 

< 2u;2eCK)iV;+«o+4C2e(C3,«. + \\w\\l + \\w\\,)ml_^ + 

X (l + e,~'C,,n'Kiap^,)N^i\\w'\\l_^^s' + + + Ik'L.-.+s'))" 

< 8uj^eC'{<;, 6, e, a, a, ^, i?')Ar-+«o+8iu/,i|2 



< iSuhC'i,, 6, e, a, a, B!))'^'Nl^^^^^'^NfT'^''^C{ap)C\ap.,) UWl^^^ 

< ■■■ 

< {8uhC'{,, 6, e, a, a, i?'))^-^^^^'^"^'^^^-"'' Vllfo fl 

k=l 

< {SuhC'i,, S, e, a, a, R')N',''^+'''+''>U\W\ (3.25) 
Choosing suitable e < 1 such that 

8ujhC\,,6,e,a,a,,,R')N'/^^°^'^\\ij\U < 1. 
¥orthccasce,^'a,R,K{ap^,)N^{\\wT,_,^s' + M^^^^ 

by the similar estimate (|3.25l) . we can also prove the same result. Thus we conclude that 

lim ||^||<, = 0. 

p — >co 

This completes the proof. □ 

Acknowledgements The first author expresses his sincere thanks to Prof Gang Tian for 
suggesting this interesting problem and his suggestion and encouragement! 



26 

References 

[I] Allen, P., Andersson, L., Isenberg, J.: Timelike minimal submanifolds of general co- 
dimension in Minkowski space time. J. Hyperbolic Dijfer. Equ. 3 (2006) 691-700. 

[2] Allen, P., Andersson, L., Restuccia, A.: Local well-posedness for membranes in the light 
cone gauge. Commun. Math. Phys. 301 (2011) 383-410. 

[3] Bellettini, G., Hoppe, J., Novaga, M., Orlandi, G.: Closure and convexity results for closed 
relativistic strings. Complex Anal. Open Theory 4 (2010) 473-496. 

[4] Berti, M., BoUe, M.: Sobolev periodic solutions of nonlinear wave equations in higher 
spatial dimensions. Arch. Ration. Mech. Anal. 159 (2010), 609-642. 

[5] Berti, M., Procesi, M.: Nonlinear wave and Schrodinger equations on compact Lie groups 
and homogeneous spaces. Duck. Math. J 159 (201 1), 479-538. 

[6] Bourgain, J.: Construction of periodic solutions of nonlinear wave equations in higher di- 
mension. Geom. Fund. Anal 5 (1995) 629-639. 

[7] Bourgain, J.: Quasi-periodic solutions of Hamiltonian perturbations of 2D linear 
Schrodinger equations. Ann. Math. 148 (1998) 363-439. 

[8] Brendle, S., Hypersurfaces in Minkowski space with vanishing mean curvature. Comm. 
Pure. Appl. Math. 55 (2002) 1249-1279. 

[9] Craig, W., Wayne, E.: Newtons method and periodic solutions of nonlinear wave equation. 
Comm. Pure. Appl. Math. 46 (1993) 1409-1498. 

[10] Kong, D.X., Zhang, Q.: Solution formula and time-periodicity for the motion of relativis- 
tic strings in the Minkowski space R^+". Phys. D 238, 902-922 (2009) 

[II] Kong, D.X., Zhang, Q., Zhou, Q.: The dynamics of relativistic strings moving in the 
Minkowski space R^+". Commun. Math. Phys. 269, 135-174 (2007) 

[12] Lindblad, H.: A remark on global existence for small initial data of the minimal surface 
equation in Minkowskian space time. Proc. Amen Math. Soc. 132, 1095-1 102 (2003) 

[13] Nguyen, L., Tian, G.: On smoothness of timelike maximal cylinders in three dimensional 
vacuum spacetimes. arXiv: 1201.51 83 v2 



[14] Rabinowitz, P.: Free vibrations for a semi-linear wave equation. Comm. Pure Appl. Math. 
31 (1978) 31-68. 



